Abstract. So as to clearly understand the energy band gap of graphene, we study the energy band of tight-binding electrons on a honeycomb lattice with on-site potentials A and B on sublattices A and B, nearest-neighbor transfer integrals ta, t b and tc, and next-nearest-neighbor transfer integrals t2a, t 2b , t2c, t 2d , t2e and t 2f , where t2a, t 2b and t2c are transfer integrals between sublattice A, and t 2d , t2e and t 2f are transfer integrals between sublattice B. As a result, we obtain the following general condition for the zero gap:
Introduction
The realization of "massless Dirac fermions" in graphene [1, 2, 3] and in the organic conductor α-(BEDT-TTF) 2 I 3 [4, 5, 6, 7] is well-known. These fermions are seen to be the origin of unique physical properties such as temperature-independent conductivity and unusual behaviors observed in the quantum Hall effect [2, 8, 9] .
By using a tight-binding model on a honeycomb lattice with uniform nearest-neighbor transfer integrals (t a = t b = t c ), it has been shown that two bands touch each other at the K and K points (k * = (0, ± 4π 3a ) or equivalently (
, where a is the lattice constant and 1.42Å) in graphene [10, 11] . These points are called "Dirac points", where the energy gap vanishes. Recently, in the tight-binding model on the honeycomb lattice with non-uniform nearest-neighbor transfer integrals, the condition for a zero energy gap,
has been obtained [12] . Moreover two Dirac points were shown to merge into one point when t a = 2 and t b = t c = 1. At these values, it has been found very recently that eigenvalues under the perpendicular magnetic field (B) have an anomalous B 2 3 dependence [13] . In α-(BEDT-TTF) 2 I 3 , Dirac points are realized in nonsymmetric points in the Brillouin zone, a consequence of an accidental degeneracy [4, 5, 14, 15] . Figure 1 . Honeycomb lattice and transfer integrals. If we set t a = t b = t c and t 2a = t 2e = t 2b = t 2c = t 2d = t 2f , which are shown by thick and thin dotted lines, the inversion symmetry is broken but the averaged inversion symmetry is conserved. Table 1 . C 3 and I are the threefold rotational and inversion symmetries, respectively. AI is the averaged inversion symmetry defined in this paper.
Symmetry
With a view to applications in electronic devices, an understanding of the conditions for a zero energy gap and the magnitude of the energy gap is very important. The honeycomb lattice has several symmetries comprising time-reversal, inversion, translational, and sixfold rotational symmetries. An interesting point is to establish the relationship between the energy gap and these symmetries. In fact, it has been known that, using the tight-binding model with the nearest-neighbor integrals and on-site potentials, the gap in graphene is opened [16, 17] when the inversion symmetry is broken due to the difference in the on-site potential between sublattices A and B. Experimentally, the opening of the gap has been observed in epitaxial graphene on a SiC substrate [18] , and is considered to have been caused by the breaking of the inversion symmetry. A finite gap has also been observed in Dirac fermion systems such as bismuth [19, 20, 21] and HgTe quantum wells [22] .
Recently, we have studied the gap opening in a more general tight-binding model with on-site potentials A and B for sublattices A and B respectively, nearest-neighbor transfer integrals t a , t b and t c , and next-nearest-neighbor transfer integrals t 2a , t 2b , t 2c , t 2d , t 2e and t 2f [23] . These transfer integrals are shown in Fig. 1 and averaged inversions, which are defined below), the on-site potentials and transfer integrals are changed, as summarized in Table 1 . If the rotational symmetry is broken but the inversion symmetry is conserved, i.e. we have t 2a = t 2d = t 2b = t 2e = t 2c = t 2f , the energy gap is zero [23] , as in the case without next-nearest-neighbor integrals. [12] In particular, we find that, even if both of the rotational and inversion symmetries are broken, the gap remains zero as long as the condition associated with the averaged inversion symmetry is conserved. This symmetry is defined as
at a Dirac point. When t a = t b = t c , the condition corresponding to Eq. (2) becomes [23] 
However, the condition as given in Eq. (3) has been obtained only when t a = t b = t c . Therefore, in this paper, we derive the zero energy gap condition in the general case without the restriction t a = t b = t c .
Model
In this study, we use the tight-binding model applied to a generalized honeycomb lattice, where on-site potentials, nearest-neighbor transfer integrals and next-nearest transfer integrals are finite. The Hamiltonian is given by
where
The band parameters t a , t b and t c of graphene are estimated to be about 2.7 ∼ 3.1 eV [11, 24, 25, 26, 27, 28] . Although the next-nearest-neighbor transfer integrals are unknown, it is considered that t 2a , t 2b , t 2c , t 2d , t 2e and t 2f are of the order of 0.1t a 0.3 eV [27, 28] .
Results and Discussion
From the secular equation of Eq. (4), we obtain the following eigenvalues 
+ 2t a t c cos(
The gap Δ k becomes zero only when A k − B k = 0 and |C k | = 0. In general, the K and K points (k * = (k * x , k * y )), setting |C k | to zero, is obtained as follows; [12] 
where k 1 and k 2 are obtained by satisfying the following three equations;
cos[2π( 
Therefore, by putting Eqs. (16), (17) and (18) into Eqs. (5) and (6) and setting A k * = B k * , we obtain the gapless condition as follows;
